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Abstract

Kinetic behavior in emulsion polymerization can be conveniently assigned as either ‘zero-one’ or ‘pseudo-bulk’. Sufficiently small

particles in emulsion polymerizations obey zero-one kinetics, where entry of a radical into a particle which contains a growing radical leads

to instantaneous termination. Pseudo-bulk kinetics applies to particles in which more than one free radical can co-exist for a significant

period; while this is commonly applicable to large particles for any monomer, it also applies to very small particles for monomers which

propagate very rapidly, such as acrylates. A methodology is developed to enable particle sizes and rates to be calculated for systems in which

pseudo-bulk kinetics are important during particle formation. This takes account of all significant reactions involving radical species in the

water and particle phases, including the chain-length dependence of the termination rate coefficient. A ‘cross-over radius’ rco is used to

describe the particle size where termination of radicals within the particles is no longer instantaneous. The model is applied to the emulsion

polymerization of butyl acrylate. All parameters are available from the literature, except for rco and k1
p; the rate coefficient for propagation of

a monomeric radical formed from transfer. These were determined from experiments on seeded emulsion polymerizations of this monomer,

involving the steady-state rate with chemical initiator and non-steady-state rate in a system initiated by g radiolysis, after removal from the

radiation source (‘relaxation’ mode). Particle sizes and rates in unseeded butyl acrylate emulsion polymerizations at 50 8C, over a range of

concentrations of persulfate as initiator and sodium dodecyl sulfate as surfactant, are predicted by the model with acceptable accuracy.

q 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Models for particle formation in emulsion polymeriz-

ation, which are capable of predicting quantities such as

particle size and rates using a minimum of fitting

parameters, are useful both for designing ‘recipes’ to give

desired outcomes, and to help test mechanistic hypotheses.

There are many models for particle formation in the

literature, e.g. [1–24], but (without going into exhaustive

discussion of these cited approaches), none have the

mechanistic completeness of that developed here. This is

the first that includes all of the following mechanisms, some

of which have been established only relatively recently.

Most are summarized in Fig. 1, which incorporates various

aspects of earlier work [2,3,5,7–11,25–28]).

† Radicals arising directly from initiator propagate with

the small amount of monomer in the water phase, until

they reach a degree of polymerization z; when they

become surface active; aqueous-phase propagation can

occur with all degrees of polymerization less than z:

† There are three fates of z-mers: entry into a pre-existing

particle, entry into a (monomer-swollen) micelle, or

further propagation and termination until attaining a

critical degree of polymerization jcrit:

† Particle formation occurs only through entry of a z-mer

into a micelle, or by collapse (precipitation) of a jcrit-mer

(micellar and homogeneous nucleation, respectively).

† Termination between radicals, for which the rate coeffi-

cient depends on the lengths of each terminating chain.

† Transfer of radical activity from a propagating chain to

monomer; the resulting monomeric radical may either

propagate or desorb out of and away from the particle: the

process of exit.
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† Re-entry of desorbed radicals into (another) particle.

† Small particles (especially those which have just formed)

are relatively unstable colloidally, and may coagulate.

† An important, although non-mechanistic, aspect of

modeling is that values of many rate coefficients for

many monomers are known with precision (e.g. that for

propagation using pulsed-laser polymerization), and

therefore cannot be either treated as adjustable par-

ameters (or, equivalently, be assigned a convenient value

from the wide range reported in tabulations which have

not been subjected to critical evaluation [29]).

1.1. Micellar nucleation

In a system which has added surfactant, the dominant

fate of new z-meric radicals while/if micelles are present is

to enter a micelle, because micelles have a high number

density. Hence, new particle formation continues while

micelles are present. Micelles disappear when sufficient

surfactant has become adsorbed onto pre-existing particles,

which requires a sufficiently large number of particles with

sufficient size. This takes some time, and thus particle

formation is a relatively extended process. Hence, the

number of particles is large (i.e. the final particle size is

comparatively small): a typical feature of micellar

nucleation.

1.2. Homogenous nucleation

In systems where there is insufficient free surfactant to

form micelles, z-meric radicals may enter a pre-existing

particle, or terminate in the water phase, or propagate

further to jcrit-mers to form new particles. Once enough

particles are present, then a likely fate of new z-mers is to

enter these, rather than propagate on to jcrit-mers. Thus, in a

system without (or with very little) surfactant, particle

formation finishes quickly, and hence the number of

Fig. 1. Some kinetic events in emulsion polymerization, including the competing paths for particle formation and for particle growth.
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particles is small (i.e. the final particle size is large): a

typical feature of homogeneous nucleation.

All of these effects have been incorporated into a model

which has been published previously [19], except that of

chain-length-dependent termination. As will be seen, this

last effect is important for monomers such as acrylates.

Means of incorporating this effect, and one set of

experiments which can be used to fit some parameters,

and an independent set of experiments which can be used to

test the model, form the subject of the present paper.

A significant aspect of the work given here is in the

classification of approximations used to handle the kinetics.

An important phenomenon in emulsion polymerization

kinetics is compartmentalization: the main locus of

polymerization is within the particles, and these particles

spatially segregate radicals from each other. This can have

major effects on both rates and on molecular weight

distributions (including in controlled-radical polymerization

in dispersed media [30]). Consider for example, a

hypothetical system containing only particles with a single

polymeric radical inside each particle. Because of the

isolation of radicals in the particles, these radicals cannot

terminate directly with each other, whereas they would

undergo termination in a bulk or solution system with the

same overall radical concentration. For this reason, in

quantifying emulsion polymerization kinetics, it is necess-

ary to treat particles containing zero, one, two, etc. growing

chains as separate species [4], with populations N0; N1; N2;

etc. The complexity does not stop there, because (a) there is

the possibility of exit of a monomeric free radical formed by

transfer, and (b) the rate coefficient for termination depends

on the degrees of polymerization of each terminating radical

(chain-length-dependent termination). For this reason, it is

necessary in general to distinguish particles not only by the

number of growing radicals they contain, but by the

distribution of the degrees of polymerization of each of

these radicals, N 0; N 00; N 000 [31]. This leads to an infinitely

hierarchical description of the variables, e.g. N2ðN
0;N 00Þ;

N3ðN
0;N 00;N 000Þ; etc. The only exact way of solving this

infinite hierarchy of equations is to abandon the evolution

equation approach and turn instead to Monte-Carlo model-

ing (e.g. [30,32]). While Monte-Carlo modeling enables this

complexity to be handled, the enormous computational time

required (typically days for a single calculation, even on a

distributed network of linked computers [30]) precludes its

use in routine interpretation and prediction of experiment.

The best means developed so far to overcome this

impasse is to define two limiting, but widely applicable,

categories to describe emulsion polymerization kinetics:

‘zero-one’ and ‘pseudo-bulk’, as approximations to the true

kinetics. A zero-one system is one in which entry of a

radical into a particle which already contains a growing

radical results in ‘instantaneous’ termination. Such systems

can never contain more than one radical per particle, and

intra-particle termination is not a rate-determining step;

hence chain-length-dependent events can be handled in a

simple fashion. The other extreme is a pseudo-bulk system,

where for a number of reasons [8,33,34] the kinetics are

formally identical to those in a bulk or solution free-radical

polymerization, and thus it is only necessary to take account

of the distribution of degrees of polymerization of growing

chains. In each case, the resulting evolution equations are

relatively simple to write down and solve (e.g. [31,34,35]),

and can thus be used for the routine prediction and

interpretation of appropriate experimental data.

Typically, small particles exhibit zero-one kinetics, and

large particles exhibit pseudo-bulk kinetics. Pseudo-bulk

kinetics are also exhibited by small particles, if exited

radicals rapidly re-enter and re-exit other particles, in which

case the compartmentalization has no formal kinetic effect

[8]; this latter case is applicable for monomers such as

methyl methacrylate and butyl acrylate (BA), except very

small particles. The size range over which pseudo-bulk

kinetics are applicable is quantified in a later section, but at

this point it is noted that if the propagation rate coefficient

ðkpÞ is high, then pseudo-bulk kinetics are likely to be

inapplicable except for very small particles. It is apparent

that newly nucleated particles, being extremely small, are

likely to obey zero-one kinetics, but if they have a high kp

(as does MMA to some extent, while BA has an extremely

high kp [36,37]), then they are very likely to cross over to

pseudo-bulk kinetics while still relatively small, and hence,

while nucleation is likely to be continuing.

The present paper extends the work cited above [19]

which incorporated all of the effects listed except chain-

length-dependent termination into nucleation modeling: the

present paper shows how to allow for pseudo-bulk kinetics

in the particle formation step.

In Section 2, we review the formulation of nucleation

kinetics for the zero-one case [19], and then give the

corresponding formulation for pseudo-bulk kinetics. We

then develop a means to handle the crossover between zero-

one and pseudo-bulk kinetics. The modeling is related to

experiment using new data for the ab initio (unseeded) and

seeded emulsion polymerization of butyl acrylate (a small

polystyrene seed being used as host for BA for this purpose).

2. Model for particle formation and growth

The events in particle formation and growth are as

follows (Fig. 1). Initiator decomposes in the aqueous phase,

forming radicals, which then react with monomer to form

oligomeric radicals in the aqueous phase. These oligomeric

radicals can propagate or terminate. If the oligomeric

radicals are larger than the critical degree of polymerization

for entry ðzÞ [38], they may enter a pre-existing particle

(entry frequency per particle r) or enter micelles if micelles

are present in the system (note that ‘frequency’ is the correct

IUPAC terminology [39] for the rate parameters for entry

and exit, formerly called ‘entry and exit rate coefficients’).

Oligomeric radicals whose degree of polymerization is
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above the critical size for homogeneous nucleation ðjcritÞ

collapse to form a particle. Radicals within particles can

terminate, propagate or transfer radical activity to monomer

(rate coefficient ktr). The monomeric radical generated by

chain transfer may propagate within the particle, or exit the

particle by diffusion into the water phase, whereupon it may

re-enter another particle, or enter a micelle, forming a new

particle. Termination of radicals in the particles may be

‘instantaneous’ [40] (zero-one kinetics) or may be rate-

determining (pseudo-bulk kinetics). Another competing

path for particle formation is the entry of oligomeric

radicals into monomer droplets, but this is usually negligible

(the exceptions being monomers such as chlorobutadiene

[41] and in ab initio controlled-radical polymerization [42,

43]). Many parameters are size-dependent, such as the

concentration of monomer in particles ðCpÞ and the entry

and exit frequencies. Because of this, a complete model

requires computation of the evolution of the full particle size

distribution.

Compartmentalization of radicals is included by dis-

tinguishing particles according to the number of radicals

they contain. Since monomeric radicals formed by transfer

are able to undergo exit (desorption) into the aqueous phase,

unlike the larger polymeric radicals [44–46], it is necessary

to take into account whether the radicals in the latex

particles are polymeric or monomeric.

Transfer to polymer is neglected in this model. This

effect may, however, be important in the case of butyl

acrylate polymerization, since it leads to both short-chain

branching through back-biting and long-chain branching by

transfer to a distant part of another (or the same) chain. This

probably has major effects on the overall kinetics of BA

polymerization, because the radical center formed by

transfer may have a low rate coefficient for addition to a

monomer unit, which can affect the apparent value of kp

[47–50]. In the present paper, an effective kp is assumed to

take such effects into account.

As stated, the treatment requires the time evolution of the

full particle size distribution to be computed. It is assumed

here that it is sufficiently accurate to assume that there

exists a ‘cross-over radius’ rco such that particle growth is

governed by zero-one kinetics below rco: Above rco; particle

growth is governed by pseudo-bulk kinetics, when termin-

ation within the particles is rate-determining. Coagulation is

not included above rco because of considerable added

complexity in the evolution equations; this is acceptable

because particles bigger than rco are probably large enough

to be colloidally stable.

In describing particle size distributions, one must

distinguish swollen and unswollen size. Particles are

swollen with monomer, and the unswollen volume of a

particle (i.e. its volume in the absence of monomer) is

equivalent to the mass of polymer in the particle. The

swollen volume Vs and unswollen volume V are trivially

related by mass conservation (assuming ideal mixing of

monomer and polymer):

Vs

V
¼

dM

dM 2 CpM0

ð1Þ

where dM is the density of monomer and M0 is the molecular

weight of the monomer. Whether one uses swollen or

unswollen volume, or equivalently swollen or unswollen

radius, rs and r; is a matter of convenience: for example, as

will be seen the particle-size distribution equations are most

compactly set out in terms of unswollen volume (because

the change in unswollen particle volume with polymer

growth is linear), whereas coagulation rate coefficients are

most conveniently calculated in terms of swollen volume.

A physically realistic model for particle formation

requires one to take into account the occurrence of

coagulation involving very small particles. The basic reason

for this is that tiny particles, as are formed as a result of

micellar and homogenous nucleation, have highly curved

double layers and are thus likely to be colloidally unstable to

both hetero- and homo-coagulation (e.g. [51,52]). Particles

grow through the propagation of radicals within the particle

or, if colloidally unstable, by coagulation [3,53]. BðV ;V 0Þ

denotes the rate coefficient for coagulation between two

particles of volume V and V 0:

The total number of particles per unit volume of the

continuous phase, Np; is given by:

Np

NA

¼
ð1

0
nðVÞdV ð2Þ

where NA is Avogadro’s constant and nðVÞ is the molar

concentration of particles with unswollen volume V : The

particle number and particle size are related by:

Np ¼
mass polymer

4

3
pr3dP

ð3Þ

where dP is the density of polymer. The particle size

distribution in terms of volume, nðVÞ; and radius, nrðrÞ; are

related by [54]:

nðVÞ ¼
nrðrÞ

4pr2
ð4Þ

The Morton–Flory–Huggins treatment [55] suggests

that Cp should be a function of particle size, with significant

variation for very small particles. Here, the following

functional form is assumed [19]:

CpðrÞ ¼ C1
p tanh

r

rF

� �
ð5Þ

where rF expresses the radius at which CpðrÞ rapidly

approaches the limiting value C1
p : This functional form is

computationally convenient and provides a good fit to the

form predicted by the Morton equation [55]. It is noted that

the Morton equation cannot be used predictively, so Eq. (5),

although empirical, provides an equally valid quantification

of this dependence.
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2.1. Zero-one regime

In a zero-one system, the evolution of particle size

distributions for particles containing no radicals, one

monomeric radical, and one polymeric radical are con-

sidered separately The total population of particles is:

nðVÞ ¼ n0ðVÞ þ nM
1 ðVÞ þ nP

1ðVÞ ð6Þ

where nM
1 ðVÞ is the molar concentration of particles of a

volume V that contain one monomeric radical; nP
1ðVÞ is the

molar concentration of particles of a volume V that contain

one polymeric radical, and n0ðVÞ is the molar concentration

of particles of unswollen volume V that contain zero

radicals.

The equations that describe the time evolution of the

particle size distribution for a zero-one system take into

account the following events. A particle containing no

radicals can gain a polymeric radical through the propa-

gation of a monomeric radical, entry of an oligomeric

radical, or coagulation with a particle containing a

polymeric radical. The evolution equation is as follows [7,

19,34].

›n0ðV ; tÞ

›t
¼ rðVÞ½nM

1 þ nP
1 2 n0� þ kdMnM

1 2 n0

ð1

0

�BðV ;V 0Þ½n0ðV
0Þ þ nP

1ðV
0Þ�dV 0keE½E�

þ
ð1

0
BðV ;V 2 V 0Þ½n0ðV

0Þn0ðV 2 V 0Þ

þ nP
1ðV

0ÞnP
1ðV 2 V 0Þ�dV 0 ð7Þ

where r is the entry frequency:

rðVÞ ¼ rspont þ rinitiatorðVÞ þ keEðVÞ½E�;

rinitiator ¼
Xjcrit21

i¼z

ki
eðVÞ½IMi�

ð8Þ

Here, rspont is the contribution to entry from radicals

produced spontaneously, e.g. from decomposition of

peroxide species on the seed [41]; it is found to have a

very small value in the present butyl acrylate system (see

Section 3.1.2), and is needed in the present modeling only

for g-radiolysis relaxation experiments, from which its

value can be determined directly. The quantity keE is the rate

coefficient for entry of an aqueous-phase radical E which

has resulted from exit from a particle, ½IMi� is the

concentration of i-meric radicals in the aqueous phase,

and kdM is the rate coefficient for the desorption of a

monomeric radical into the water phase:

kdM ¼
3Dw

r2
s

Cw

CP

ð9Þ

where Dw is the diffusion coefficient of a monomeric

radical in the water phase, and Cw is the concentration of

monomer in the water phase. Particles can gain radicals

through entry, or by coagulation with a particle contain-

ing a radical. Particles containing no radicals can be

generated from particles containing a radical by the entry

of a radical, leading to an instantaneous termination

event, or by exit of a monomeric radical. Particles

containing no radicals can only increase in size by

coagulation. If a particle containing no radicals coagu-

lates with another particle that contains no radicals, then

the resultant particle will contain no radicals. If a particle

containing a radical coagulates with another particle that

contains a radical, then the resultant particle will contain

no radicals. Likewise, if a particle containing no radicals

coagulates with another particle that contains a radical,

then the resultant particle will contain a radical. It is

assumed that particles containing one monomeric radical

do not take part in the coagulation process, because of

the relatively low number of these particles.

Similarly, the evolution equations for particles contain-

ing a polymeric radical are:

›nP
1ðV ; tÞ

›t
¼ rðVÞðn0 2 nP

1Þ2 ðktrCP þ
›

›V
KÞnP

1

þk1
pCPnM

1 þ dðV 2 V0Þ

£

 
½IMjcrit21�kp;wCw þ

Xjcrit21

i¼z

½IMi�k
i
e;micelle½micelle�

!

2nP
1

ð1

0
BðV ;V 0Þ½n0ðV

0Þ þ nP
1ðV

0Þ�dV 0

þ
ð1

0
BðV ;V 2 V 0Þ½n0ðV

0ÞnP
1ðV 2 V 0Þ

þnP
1ðV

0Þn0ðV 2 V 0Þ�dV 0 ð10Þ

where kp;w is the propagation rate coefficient in the aqueous

phase, ki
e;micelle is the entry rate coefficient for an i-meric

radical into a micelle, [micelle] is the concentration of

micelles, and V0 is the size of the particle when it is formed

(assumed for convenience to be the size of a micelle; the

value of this quantity makes no significant difference to the

computed particle size distribution). The micelle concen-

tration is found by mass conservation, given a value for the

micellar aggregation number nagg and the assumption that

adsorption of surfactant onto pre-existing particles follows a

Langmuir adsorption isotherm [19]. K is the rate coefficient

of volume growth for a particle containing a single free

radical:

KðVÞ ¼
kpM0CpðrÞ

NAdP

ð11Þ

E.M. Coen et al. / Polymer 45 (2004) 3595–3608 3599



The evolution equation for particles containing a mono-

meric radical is:

›nM
1 ðV ; tÞ

›t
¼ 2ðrþ k1

pCp þ kdMÞnM
1 þ keE½E�n0 þ ktrCpnP

1

ð12Þ

where k1
p is the propagation rate coefficient for a monomeric

radical in the particle phase, and keE is the rate coefficient for

re-entry of an exited radical E into a particle. Particles can

gain monomeric radicals by transfer, or the re-entry of an

exited radical. Particles can lose a monomeric radical by

entry of another radical and the subsequent termination, by

the propagation of the radical to form a polymeric radical or

by the monomeric radical desorbing.

Eqs. (7)–(12) describe particles formed by homogeneous

nucleation and micellar nucleation, and kinetic events

within the particles such as propagation, transfer to

monomer, entry and exit of oligomeric radicals.

The aqueous–phase species obey the following evol-

ution equations (see Fig. 1):

d½IM1�

dt
¼ 2kd½I�2 Cwk1

p;w½IM1�2 ½IM1�
X

j

kt;w½Rj� ð13Þ

d½IMi�

dt
¼ Cwðk

i21
p;w ½IMi21�2 ki

p;w½IMi�Þ2 ½IMi�
X

j

kt;w½Rj�;

i ¼ 2;…z 2 1 ð14Þ

where kd is the rate coefficient for dissociation of initiator,

kt;w is the termination rate coefficient of radicals in the water

phase (the chain-length dependence of this quantity [28] is

ignored here, because of the lack of data on such

dependence for small water-phase species), ki
p;w is the

water-phase propagation rate coefficient of a radical of

degree of polymerization i; and Rj denotes any aqueous-

phase radical of degree of polymerization j (used to include

both IM1 and E as monomeric species). Eq. (13) takes into

account the observation that the propagation of an initiator

fragment (e.g. SO4 2 z) with a monomer is so fast as not to

be rate-determining [38,56–61]. The concentration of

exited radicals in the water phase is given by:

d½E�

dt
¼
ð1

0
ðkdMðVÞnM

1 ðVÞ2 keEðVÞ½E�nðVÞÞdV 2 ½E�
X

j

kt;w½IMj�

ð15Þ

The entry rate coefficients are in turn assumed to be

diffusion-controlled [62]:

ki
eðVÞ ¼ 4prsNA

Dw

i1=2
; i $ z; ki

eðVÞ ¼ 0; i , z ð16Þ

keEðVÞ ¼ 4prsNADw ð17Þ

where an exponent of 1/2 for the diffusion coefficient of

small radicals has been assumed, and it is assumed (as is

justified by order-or-magnitude calculations [33]) that the

exited radical re-enter without propagating, i.e., its degree

of polymerization is 1.

It is important to note that the second-order rate

coefficient for radical entry into a particle is proportional

to particle radius (as predicted by diffusion-controlled entry

of z-mers), not surface area. This inference which is

supported by experimental evidence using competitive

growth in seeded emulsion polymerizations with bimodal

particle size distributions [63]. On the other hand, the

(pseudo-first-order) entry frequency in latex with a mono-

disperse particle size distribution is independent of the

radius: i.e. the value of r is the same for two separate latexes

with different sizes but the same Np; initiator concentration,

etc. This inference of the z-mer entry model has been

verified experimentally [64]. Both behaviors are predicted

by assuming that the entry of a z-mer is diffusion-controlled.

The rate coefficient for radical entry into a micelle

(resulting in one of the two modes of particle formation) is

given by:

ki
e;micelle ¼ 4prmicelleNA

Dw

i1=2
; i $ z;

ki
e;micelle ¼ 0; i , z

ð18Þ

where rmicelle is the radius of a micelle.

Of the various rate parameters in this treatment, the only

ones whose values are uncertain and to which the calculated

rates and particle size distributions are sensitive are k1
p; and

the various aqueous-phase propagation rate coefficients ki
p;w:

For want of better information, the latter are all assumed to

take the value of the long-chain organic-phase kp [36,37].

The value of the propagation rate coefficient of a monomeric

radical in the particle phase, k1
p; which is expected to be a

few times larger than the long-chain value of kp; will be

treated as an adjustable parameter (Section 2.3.3).

2.2. Pseudo-bulk regime

All particles larger than the cross-over radius are

considered to grow in a pseudo-bulk fashion. Radicals are

no longer isolated within particles, and are not assumed to

undergo instantaneous termination should further radicals

enter. Propagational growth is controlled by entry of

oligomeric radicals and exit of monomeric radicals formed

by transfer, and by termination. The rate of growth of

particles under the pseudo-bulk regime can be calculated

from the rate of growth of the radicals within that particle. In

turn, this is determined by the average number of radicals

per particle ð�nÞ [34]:

›nðV ; tÞ

›t
¼ 2

›ðK �nnðV ; tÞÞ

›V
ð19Þ

The value of �n depends on particle volume. The time

evolution of �n in a particle of volume V in a pseudo-bulk
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system is given by [34]:

›�n

›t
¼ r2 k �n 2 2

kktl
NAVs

�n
2 ð20Þ

where all quantities in Eq. (20) may depend on the particle

volume. Here, k is the frequency of radical exit from the

particle, and kktl is the average termination rate coefficient,

the average being over the chain length distribution of

radicals in the particle [28,31,34,65]. The evaluation of kktl
is discussed in Section 2.3.3. The exit frequency is given by

[8,33,45]:

k ¼
ktrkdM

k1
p

ð21Þ

2.3. Implementation

2.3.1. Cross-over radius

The means used here to perform simulations in which

pseudo-bulk kinetics is important during particle formation

is to assume the existence of a cross-over radius rco such that

zero-one kinetics and particle formation occur for all radii

less than rco; and pseudo-bulk kinetics are obeyed for r ^

rco: To estimate rco in a given system, it is necessary to

estimate the particle size at which there will be a significant

fraction of particles containing two growing chains.

The physical reasons for effects of monomer properties

and particle size are as follows. First, the radicals are

confined within a particle, and therefore zero-one kinetics

will become less applicable as the particle size becomes

larger. Next, consider the rate coefficient for termination.

Termination depends on chain lengths, and is diffusion-

controlled. Typical values of the equilibrium concentration

of monomer inside a latex particle, in the presence of

monomer droplets which provide a reservoir of monomer,

are , 5 M. Such systems are above the entanglement

polymer concentration cpp and the monomer/polymer

solution is rubbery. In such systems, there is the well-

founded belief that the rate of termination is controlled by

center-of-mass diffusion of the two terminating chains [28,

65–67]. In a system such that the cross-over from zero-one

to pseudo-bulk kinetics is taking place, one will have one

long growing chain and a short entering chain. Since the

longer radical diffuses much more slowly than a short one,

the rate of termination will become governed by the

diffusion coefficient of the short chain. This will become

slower as this oligomeric radical grows by propagation, and

thus, all other things being equal, ‘instantaneous’ termin-

ation is less likely for a monomer with a high propagation

rate coefficient.

We now make an approximate estimate of the value of

the cross-over radius. The region of validity of the

‘instantaneous’ termination approximation can be estimated

by examining the probability of two radicals terminating

within a particle, as a function of the degree of

polymerization of the shorter chain. Obviously, if there is

a very high probability of terminating by the time the short

radical has propagated only a few units, then the

‘instantaneous’ termination approximation will be a good

one. This has been formulated by Maeder and Gilbert [68]

(note a correction to the original formulation given by

Prescott [30]). The probability of a polymeric radical

propagating to degree of polymerization j without terminat-

ing with an entering freely-moving radical of degree of

polymerization z can be calculated as:

Pj ¼
Yj21

i¼z

ki
pCp

ki
pCp þ kiL

t =NAVs

ð22Þ

where ki
p is the propagation rate coefficient of an i-meric

radical and kiL
t is the termination rate coefficient between a

(short) i-meric radical and a long radical. In the present

systems, we adopt the diffusion-controlled model for

termination [28], which gives:

kiL
t ¼ 2pspspinDi ð23Þ

Here, s is the radical-center distance at which termination

occurs. This is effectively the location of the transition state

in this barrierless reaction [69], and can be taken as the van

der Waals radius of a monomer unit. The quantity pspin is the

probability that both approaching radicals make up a singlet

state, and can thus terminate, at distance s: One has 2 1
4
#

pspin # 1; and for rubbery polymer–monomer solutions

inside a small particle, pspin ¼ 2 1
4
: Di is the center-of-mass

diffusion coefficient of an i-meric radical. This diffusion

coefficient depends on the mass-fraction of polymer wp; and

is taken to be given by the scaling expression:

Di ¼
Dmon

iuðwpÞ
ð24Þ

The exponent u can be found through experimental studies

of oligomers in various polymer matrices over a range of wp:

For methyl methacrylate, butyl methacrylate, hydroxyethyl

methacrylate and styrene [70–72] it has been found that u

for a wide range of monomer/oligomer/polymer mixtures in

the rubbery state can be approximated by the relation:

u ¼ 0:664 þ 2:02wp ð25Þ

Fig. 2 shows the probability of an entering radical not

terminating, as a function of degree of polymerization,

calculated using parameters appropriate for a butyl acrylate

system at 50 8C: ki
p ¼ 2:4 £ 104 M21 s21, i . 1 [36,73],

k1
p ¼ 4:8 £ 104 M21 s21 (using evidence from quantum

calculations [74,75] and from measured exit rate coefficients

in emulsion polymerizations [76] that the propagation rate

coefficient of a monomeric radical is likely to be a few times

greater than the long-chain value), Cp ¼ 5:0 M (determined

by Ruth Gordon in this laboratory by the static swelling

method [77]), Dmon ¼ 1:6 £ 1025 cm2 s21 (using the value

measured for butyl methacrylate at the corresponding
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monomer/polymer ratio [70]) and s ¼ 0:7 nm: It is apparent

from Fig. 2 that a BA particle with swollen radius of 15 nm

should obey zero-one kinetics with these input parameters

(because the probability of not terminating decreases very

rapidly after a small number of monomer units), while one

with swollen radius 25 nm is more pseudo-bulk in behavior.

It is noted that the results given in Fig. 2 depend on some

parameters whose values are not well established, such as ki
p

for small chains. Moreover, it is impossible to demarcate

clearly between pseudo-bulk and zero-one behavior, and

indeed any such distinction has some degree of arbitrari-

ness, depending on the property being examined (rates or

molecular weight distribution, for example). Although

means of bridging this gap by more general treatment of

the kinetics, while still taking account of the chain-length

dependence of termination, have been developed [30], these

are not at present able to be readily incorporated into the full

time evolution of the particle size distribution needed to

model nucleation kinetics. Because the present approach

assumes a clean demarcation in size between pseudo-bulk

and zero-one kinetics, the value of the cross-over radius will

be treated as a parameter which will be fitted to appropriate

data (Section 3.1.1), while keeping in mind that it is

expected to be in the range 15–25 nm for butyl acrylate

under the experimental conditions used here.

2.3.2. Solution of evolution equations

The method used to solve the coupled integrodifferential

equations describing the time evolution of the particle size

distribution, together with the rate equations describing the

aqueous–phase kinetics, have been described in detail

elsewhere [19,34] In brief, the equations in terms of V are

converted to those in terms of radius r; and subsequently to

finite-difference equations in equal increments of r: The

resulting set of coupled ordinary differential equations, of

the type dðpopulation in a given radius incrementÞ=dt; are

then solved by conventional numerical means. Obtaining

adequate resolution in radius and covering a sufficient radius

range results in ,103 coupled differential equations for

typical conditions. The steady-state approximation is used

for all aqueous-phase species and for the populations of

particles containing monomeric radicals, nM
1 :

The introduction of a sharp transition from zero-one to

pseudo-bulk at the cross-over radius introduces an unphy-

sical discontinuity in the size dependence of �n at rco; and

hence an unphysical sharp change in the particle size

distribution nðrÞ at this radius. This could be avoided by

introducing a smoothing function at rco: However, the

presence of this sharp change does not have a significant

effect on the principle variables of interest here, viz. the

overall rate and the particle number density.

Coagulation rate coefficients are modeled using DLVO

theory as appropriate for very small particles (see Ref. [19]

for details). It is admitted that the quantitative applicability

of this particular implementation of DLVO theory to such

particles is questionable (e.g. [78,79]). However, it is noted

that the predicted effect of inclusion of coagulation on the

final particle size distribution is not large, although

significant, and that the use of DLVO theory at this level

is taken as acceptable for the modeling purposes of this

paper (better, but more computationally complex, DLVO

treatments are available, e.g. [80–82], which could be

implemented if desired). While a number of parameters are

required for the DLVO treatment used here [5,19,83–85],

the only one whose value is uncertain and to which the

results are sensitive is the Hamaker constant [86].

2.3.3. Termination rate coefficients

The simulation of pseudo-bulk particle behavior requires

calculation of kktl in Eq (19). This uses a model discussed in

detail elsewhere [28], which has been found to give

acceptable accord to data such as appropriate molecular

weight distributions and g relaxation rates which are

sensitive to this quantity [35]. A summary is as follows.

Ri denotes the population of radicals with degree of

polymerization i; and k
ij
t the termination rate coefficient

between radicals of degree of polymerization i and j:

One has:

kktl ¼

X
i

X
j

k
ij
t RiRj

X
i

Ri

 !2
ð26Þ

The value of k
ij
t is found using the diffusion model cited

above, with Eq. (23) extended to take into account the

mobility of both chains:

k
ij
t ¼ 2pspspinðDi þ DjÞ ð27Þ

with all parameters otherwise determined as described in

Fig. 2. Calculated probability of a j-mer not terminating before another

kinetic event for butyl acrylate, for two swollen particle radii (15 and

25 nm), using the parameter values given in the text. Calculations are for

the entering oligomer being trimeric (z ¼ 3; applicable to entry of a surface-

active radical arising from aqueous-phase propagation of the radical arising

from persulfate decomposition [38]; broken line) and monomeric

(applicable to re-entry of a monomeric radical resulting from intra-particle

transfer followed by exit; full line).
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Section 2.3.1. The values of Ri were found from solution of

the appropriate rate equations, using the method of Clay and

Gilbert [31]:

dRi

dt
¼ ðki21

p Ri21 2 ki
pRiÞCp 2 ktrCpRi 2 2Ri

X1
j¼1

k
ij
t Rj ð28Þ

These equations, in their steady-state form ðdRi=dt ¼ 0Þ;

are solved numerically by iterative solution, using a binning

technique [31].

2.4. Strategy

There are two parameters whose values need to be

determined by fitting appropriate experimental data: k1
p (the

propagation rate coefficient for the monomeric radical

formed from transfer), and the cross-over radius, rco: For the

butyl acrylate system, k1
p should be at most a few times the

long-chain value, and rco should be in the range 15–25 nm.

The values of these parameters were obtained in the next

section from appropriate data in a butyl acrylate seeded

emulsion polymerization (i.e. emulsion polymerization in

the presence of a preformed seed latex, with no new

particles being formed). The values of k1
p and rco so obtained

are then used to predict rates and particle size distributions

in ab initio (i.e. unseeded) systems, which are then

compared to experiment. This comparison is without any

adjustable parameters, and thus provides a test of the

applicability of the model used.

3. Experiment

3.1. Data for parameter determination

Two types of rate data in seeded emulsion polymeriz-

ation will be considered for the determination of k1
p and rco :

the steady-state rate with a chemical initiator, and the rate

behavior with initiation by g radiolysis and subsequent

removal from the radiation source. The latter ‘relaxation’

experiments provide data which are sensitive to radical loss

processes [34,87–89]. In the present system, the dominant

radical-loss in a relaxation experiment will be exit followed

by termination of the desorbed radical. The rate behavior for

radical loss is expected to be sensitive to k1
p (Eq. (9)).

3.1.1. Chemically-initiated rate in seeded butyl acrylate

emulsion polymerization

Data for the steady-state rate in a seeded emulsion

polymerization of butyl acrylate have been given by Maeder

and Gilbert (with the object of determining the transfer rate

coefficient) [68]. The seed used was polystyrene, for which

seed particles of very small size were available, with

approximate average radius of 15 nm, but with a relatively

high size polydispersity. This ‘heteroseeded’ emulsion

polymerization assumes full compatibility between the

pre-existing polystyrene and the newly formed poly(butyl

acrylate); this should be an adequate approximation at low

to moderate conversion [90], because butyl acrylate

monomer is soluble in both polymers. The experiments

were carried out at 50 8C, with Np ¼ 8:3 £ 1017 l21, and

potassium persulfate as initiator at a concentration

[KPS] ¼ 6.3 £ 1024 M. Polymerization rate and �n (where

here �n is the average over all particle sizes, rather than being

for a single size, as in Eq. (19)) are related by:

Rp ¼ 2
dnM

dt
¼ kpCp �n

Np

NA

ð29Þ

where nM ¼ number of moles of monomer per unit volume

of aqueous phase.

To obtain estimates of the fitting parameters k1
p and rco;

Maeder and Gilbert’s rate data were modeled using the

description given above. The relatively high polydispersity

is the reason that it is necessary to use the full particle size

distribution equations, rather than the simple kinetic

analysis using equations in �n which can be used for seeded

data with narrow size distributions. In this data fitting, it was

assumed that no new particles were formed (as indeed

predicted by the modeling). The parameters used are listed

in Table 1. The experimental particle size distribution for

this latex was measured by analytical ultracentrifugation

[91,92], and is shown in Fig. 3. This particle size

distribution furnishes one of the inputs in the modeling.

The calculated dependence of the steady-state value of �n as

a function of cross-over radius is shown in Fig. 4, for two

different assumed values of k1
p: The value range for the

cross-over radius giving agreement with experiment is 20–

25 nm. The steady-state �n calculated for k1
p ¼ 2kp and k1

p ¼

kp shows no strong dependence on k1
p: This is because kp for

butyl acrylate is very high, and hence monomeric radicals

propagate to much longer chains very quickly. Since

termination is controlled by long–long and intermediate–

long processes, kktl is insensitive to changes in k1
p: It is noted

that this implies that for this set of conditions (steady-state

Fig. 3. Particle size distribution of the seed latex used in the experiments to

obtain rate data for parameter fitting, obtained using analytic

ultracentrifugation.
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polymerization with a relatively high radical flux), the major

contribution to the kinetic behavior is pseudo-bulk. As will

be seen later, for the same latex under relaxation conditions,

when the radical flux becomes much lower, the major

kinetic contribution is from zero-one behavior.

The data from the steady-state chemically initiated

seeded system from Maeder and Gilbert thus furnish a

value for rco: Comparison between this value and the

simulations of Fig. 2 suggests that the probability simulation

gives a good first estimate for rco:

The experimental results for butyl acrylate in a seeded

system revealed an interesting problem [68]: the value of �n

measured (1.2 £ 1023) did not match the value predicted for

either zero-one kinetics (0.03) or pseudo-bulk kinetics

(4 £ 1024). Maeder and Gilbert suggested that the system

was controlled by kinetics somewhere between strict zero-

one and pseudo-bulk. It is indeed seen here that this

apparent anomaly can be explained in terms of the seeded

system, which has a relatively broad particle size distri-

bution, straddling the cross-over radius, so that the dominant

kinetic mechanism is different for different sized particles.

3.1.2. Gamma relaxation experiments on a seeded butyl

acrylate system

Although various attempts have been made to measure k1
p

(e g. [93]), no definitive data are available for the present

system. The value of k1
p will be determined from g

relaxation experiments. These were on the same seed latex

as used by Maeder and Gilbert, with a particle number of

5.3 £ 1017 l21. The experiment was performed at 50 8C.

The surfactant was Aerosol MA at 1.8 £ 1023 M (National

Starch & Chemical). Butyl acrylate (Aldrich) was prepared

Table 1

Parameters used in modeling for butyl acrylate emulsion polymerization at 50 8C

Quantity Value Reference

kd for K2S2O8 1 £ 1026 s21 [96]

Radius of micelle of SDS 2.6 nm Estimated; modeling results are insensitive to

this quantity

Critical micelle concentration in the presence

of monomer

3 £ 1023 M [97]

nagg 150 Assumed the same as for styrene

[98]; modeling results are insensitive to

this quantity

aS (Langmuir adsorption isotherm parameter—area per surfactant

molecule)

0.79 nm2 [83]

b (Langmuir adsorption isotherm parameter) 2100 M21 [84]

Stern layer thickness 0.14 nm [5,85]

C1
p 5.0 M [77]

rF 8 nm [19]

Cw 6.4 £ 1023 M [99]

jcrit 5 [38]

z 3 [38,100]

Cross-over radius 25 nm This work

dP 1.026 g cm23 [101]

dM 0.869 g cm23 [101]

Hamaker constant 2 £ 10220 J [86]

s ¼ van der Waals radius of monomer 0.7 nm [68]

ki
p;w 2.4 £ 104 M21 s21 All aqueous-phase kp assumed equal and to have same

value as in bulk [36,37]

kp 2.4 £ 104 M21 s21 [36,37]

k1
p 4.8 £ 104 M21 s21 This work

k1
p ; i ^ 2 2.4 £ 104 M21 s21 Assumed that all ki

p ¼ kp; i ^ 2

ktr 1.55 M21 s21 [68]

Dw 1.7 £ 1025 cm2 s21 [102]

Fig. 4. Calculated �n as a function of cross-over radius, for seeded butyl

acrylate, using parameters given in text. Full line: k1
p ¼ long-chain value of

kp (2.4 £ 104 M21 s21; corresponding value of kktl ¼ 107:92 M21 s21);

broken line: k1
p ¼ 2 £ long-chain value of kp (corresponding value of

kktl ¼ 107:93 M21 s21). The horizontal bar is the experimentally observed

value of �n [68].
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for use by filtration through basic silica, distilled under

reduced pressure at about 70 8C and stored at 4 8C until use

(within 4 days). The internal temperature of the reaction

vessel was monitored throughout the run, and the observed

exotherm was insufficient to cause a significant change in

reaction volume [94]. The change in �n after initiation ceases

was then calculated; the data so obtained are shown in Fig. 5.

The relaxation part of these data (i.e. �nðtÞ) after removal

from the radiation source) will be used to find k1
p by fitting to

the model. It was found that an efficient way of implement-

ing this was to first fit both experimental data and simulated

�nðtÞ using the empirical expression found by comparing the

zero-one and pseudo-bulk expressions for �nðtÞ for a

monodisperse latex (denoted Limit 2a and Limit 3 [34,

95]), both of which have the functional form:

d�n

dt
¼ rspont 2 2k0 �n2 ð30Þ

where k0 is a phenomenological second-order rate coeffi-

cient for radical loss, and the entry frequency is that

appropriate for spontaneous radical generation, as appli-

cable after removal of the reactor vessel from the radical-

generating 60C g source. Eq. (30) can be fitted to the time

dependence of �n either by least-squares fitting the analytical

solution of this equation, or by using the slope-and-intercept

method [34]. The experimental empirical second-order rate

coefficient for radical loss so obtained (see Fig. 5) was

4.05 s21, with rspont ¼ 1:8 £ 1026 s21. This value for rspont

in the present system of butyl acrylate in a small polystyrene

seed is much smaller than found for systems such as styrene-

large polystyrene seed [40,41,87].

It is then possible to calculate k0 for these relaxation

conditions using the full model as given above (except that

there is no initiator present, only rspont), varying k1
p within an

acceptable range. For styrene at 50 8C, relaxation data can

be fitted using k1
p ¼ 4kp (the long-chain value of the

propagation rate coefficient) [76]. There are good reasons

based on transition-state theory [74] for k1
p to be up to a few

times this long-chain value, for any monomer. Using the full

model to simulate the time evolution of �n yields numerical

data whence a value of k0 can be extracted in the same way

as for the experimental data. The calculated variation of

with k1
p so obtained is shown in Fig. 6. A strong dependence

on k1
p is evident in this system under relaxation conditions,

in contrast to the behavior of the same system under steady-

state conditions. This difference is simply ascribed to the

largest component of the kinetics being zero-one under low

radical flux, and pseudo-bulk for high radical flux, as

discussed in the preceding section. From the results in Fig. 6,

the value of k1
p was chosen to be twice the long-chain kp:

3.2. Data for model testing

Ab initio emulsion polymerizations were performed in a

batch reactor at 50 8C, under slight positive pressure of

nitrogen. Butyl acrylate monomer was supplied by BASF,

vacuum distilled at 50 8C and used within 24 h of

distillation. The system contained 10% butyl acrylate, by

total mass of the system. The water used was purified to

Milli-Q standard. The initiator was potassium persulfate

from Peroxid-Chemie GmbH (Pullach, Germany). The

surfactant used was sodium dodecyl sulfate (SDS) and a

commercial product sold as Texapon K 12 PA 15

(approximately 15% aqueous solution of SDS) by Henkel

KgaA was used in these experiments. The surfactant

concentrations were above the critical micelle

concentration.

All components except the initiator were placed in the

reactor vessel under a positive pressure of nitrogen and

allowed to equilibrate thermally for approximately one

hour. After this time, the initiator solution was added.

Samples were then taken periodically by syringe, and

allowed to cool to room temperature. The samples were 15

or 20 ml in volume, to which 1 ml of 0.1% hydroquinone

Fig. 5. Average number of radicals per particle from g relaxation

experiment. Points: experiment (arrow denotes time of removal from

source). Lines: calculated from full model, with k1
p ¼ kp (—) and 2kp (…),

and ( – · – ·) by fitting to Eq. (30) with k0 ¼ 4:05 s21 and

rspont ¼ 1:8 £ 1026 s21.

Fig. 6. Points: calculated dependence of the empirical radical loss rate

coefficient k0 (Eq. (30)) on input value of k1
p in simulation of g radiolysis

relaxation. Horizontal line: value obtained by fitting Eq. (30) to experiment.
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solution was added. Polymerization was assumed to cease

with exposure to oxygen and hydroquinone and cooling to

room temperature. Gravimetry was performed on the

samples to monitor conversion, with samples being dried

at 50 8C for 12 h, to remove all traces of water and residual

monomer. The final solids content was 10%.

In order to obtain particle sizes and hence number of

particles, two methods were utilized: capillary hydro-

dynamic fractionation (CHDF) and analytical ultracentri-

fuge (AUC). CHDF measurements were usually made

within 2 days of polymerization, using a CHDF-110 Particle

Size Analyzer from Matec (Hopkinton, MA). The samples

were prepared by diluting the latex to 0.5% solids with

eluent (0.1% Brij 35 solution, 0.005% SDS with a

conductivity of 9 mS cm21). The AUC apparatus was a

XL-E from Beckman Instruments (Palo Alto, CA) with

interference optics detector.

4. Comparison of model predictions with experiment

4.1. Parameters for modeling

The parameters used in modeling butyl acrylate are listed

in Table 1. As noted also for styrene [35], the average

termination rate coefficient kktl; which is calculated within

the model, is not strongly dependent on initiator concen-

tration: e g., the calculated values for 1023 and 1022 M

initiator are kktl ¼ 107:90 and 107.92 M21 s21, respectively,

at wp ¼ 0:4: For this butyl acrylate system, which is always

rubbery, the calculated dependence on wp is also very weak.

4.2. Quantitative comparison

Fig. 7 compares observed and predicted final particle

number as a function of initiator concentration. It is seen

that the accord is quite acceptable.

Fig. 8 shows particle number and size as functions of

time. Modeled and observed time for nucleation and the

time evolution of particle diameter are in reasonable, but not

perfect agreement, with fast initial nucleation and a

subsequent period of slow particle formation. It is noted

that CHDF is only semi-quantitative for the smallest particle

size in this data set, and the uncertainty in size measurement

for this sample leads to such a large error in the value of Np

(which from Eq. (3) is three times the uncertainty in radius)

that the nominal value Np for this smallest size, not shown in

Fig. 8, is greater than the long-time value; the uncertainty in

this nominal value is, however, so large that it is quite

unreliable.

Fig. 9 shows that there is good agreement between

predicted and experimental conversion as a function of time.

Comparison of the observed and simulated particle

number as a function of surfactant concentration shown in

Fig. 10 shows a good agreement, the predicted value being

well within a factor of two of observation.

5. Conclusions

A model has been given for the a priori prediction of

particle number and rate, and hence particle size, in an

emulsion polymerization system in which pseudo-bulk as

well as zero-one kinetics need to be taken into account

during the period of particle formation. This is necessary for

monomers such as acrylates, which have such a high

propagation rate coefficient that it is possible to have two or

more growing radicals co-existing for a significant time in

quite small particles. The reason for this is the chain-length

dependence of the termination rate coefficient, where a long

chain diffuses slowly and thus terminates slowly, and so the

rate of termination is slowed down if a chain is able to

undergo extensive propagation before it is eventually

Fig. 7. Observed (points) and predicted (line) final particle number as a

function of initiator (potassium persulfate) concentration for butyl acrylate

at 50 8C, SDS concentration ¼ 1 £ 1022 M.

Fig. 8. Particle number and diameter as functions of time, for 10% solids

butyl acrylate, with SDS concentration ¼ 1 £ 1022 M and initiator (KPS)

concentration 1 £ 1022 M. A one-minute inhibition period was subtracted

from the experimental data. Points: experiment; lines: simulated.
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terminated. The present model is an extension of a previous

treatment which takes all the complex events in emulsion

polymerization into account in zero-one systems (where one

cannot have significant co-existence of two radicals in the

same particle). The novel step in the present treatment is to

include pseudo-bulk kinetics in the time evolution of the

particle size distribution. The chain-length dependence of

termination is taken into account through an average

termination rate coefficient, where the average is over the

distribution of growing radicals of different degrees of

polymerization.

The model perforce contains a number of parameters

whose values are uncertain. Those to which the primary

variables of interest (the overall rate and the particle

number) are sensitive are the cross-over radius rco; and the

rate coefficient for propagation of a monomeric radical, k1
p:

While these can in principle be found independently from

appropriate data, in practice such data are not yet available

for systems of interest. The present treatment therefore

evaluates these from measurements on seeded systems, for

subsequent use in prediction of properties of ab initio

emulsion polymerizations. If such seeded data are not

available, reasonable estimates of each quantity can be

made. Thus, k1
p is likely to be 2–4 times the long-chain kp;

and an approximate estimate of rco from cumulative

probability plots such as those given in Fig. 2.

It is found that for the case of butyl acrylate emulsion

polymerization, experiment and model are in good, but not

perfect, agreement for rate and for particle number (and

hence particle size). This accord is consistent with the

quantitative applicability of the physical models used in the

formulation.
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